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1 Introduction 



Inspired by the construction of three-dimensional M = 1 topological massive super- 
gravity PQ [2] , conformal supergravities in three dimensions were formulated as supersym- 
metric Chern-Simons theories for M = 1 [3],A/'=2 and finally for arbitrary M [5]. 
The approaches pursued in [31 HI |5] are purely component. They are on-shell for A/" > 2, 
and do not allow for a conventional superspace reformulation for M > 1. The action for 
M = 1 conformal supergravity can readily be constructed in terms of the superfield con- 
nection as a superspace integral [HI [TJ [8] (although the results in [HI [TJ [8] are incomplete, 
see section 3 below). However, such a construction becomes impossible starting from 
M = 2. This is due to the facts that (i) the spinor and vector sectors of the superfield 
connection have positive dimension equal to 1/2 and 1 respectively; and (ii) the dimen- 
sion of the full superspace measure is (A/" — 3). As a result, it is not possible to construct 
contributions to the action that are cubic in the superfield connection for M >2. 

Nevertheless, it turns out that A^-extended conformal supergravity can be realized 
in terms of the off-shell Weyl supermultiplet [9] and the associated curved superspace 
geometry originally sketched in [U] and later fully developed in [TU]. Such a realization is 
a generalization of the superform formulation for the linear multiplet in four- dimensional 
M = 2 conformal supergravity given in [TT] |^ In the present paper we will first describe our 
method by explicitly constructing a new action principle for M = 1 conformal supergravity 
in three dimensions. After doing so, an outline will be given as to how this method should 
be used in the case of extended conformal supergravities. 

Three-dimensional M = 1 supergravity is an old topic that goes back to 1977. Without 
pretending to give a complete literature review, here we only list several works [151 UHl [IZ| 
which initiated this research topic. 

This paper is organized as follows. In section 2 we review the superspace geometry of 
M = 1 conformal supergravity. In section 3 we describe standard actions for conformal 
supergravity and topological massive supergravity realized as superspace integrals. Here 
we also present the M = 1 supersymmetric Cotton tensor. Section 4 describes our main 
construction. A component analysis of our results is given in section 5. In section 6 
we give a sketch of our method as applied to extended conformal supergravity. The 
main body of the paper is accompanied by two technical appendices concerning a locally 
supersymmetric action and exact three-forms in superspace. 

^ At the heart of the formulation [11] hes the superform approach to the construction of supersymmetric 
invariants [12 HSl HI] ; also know as the ectoplasm formalism [13 Ej . 
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2 J\f =1 conformal supergravity in superspace 



In this section we review the geometry of A/" = 1 conformal supergravity in superspace 
following the notation and conventions of [TD]. Let us consider a curved superspace, which 
is locally parametrized by real bosonic (x™) and real fermionic {9^) coordinates 

^^ = (a;",r), m = 0,l,2, /i=l,2. (2.1) 

The superspace structure group is the double covering of the Lorentz group, SL(2,M), 
and we denote by Aiab = —-Mba the Lorentz generators. The covariant derivatives have 
the form: 

VA = {V,,V^) = EA + nA. (2.2) 
Here the vector fields Ea = Ea'^^O/Oz^^ define the inverse vielbein, and 

Qa = l^A^'Mbc = -^A^Mb = l^A^^Mp, , Mab = -Mba , = (2.3) 

is the Lorentz connection. The Lorentz generators with two vector indices {Aiab), with 
one vector index (A^a) and with two spinor indices (A^a^) are related to each other by 
the rules: Ma = IsahcM^" and M^p = {l'')afiMa- 

The supergravity gauge group is generated by local transformations of the form 

6,cVa = [IC, Va], /C = ^""Ec + ^K'^Mcd , (2.4) 

with all the gauge parameters obeying natural reality conditions but otherwise arbitrary. 
Given a tensor superfield T, it transforms as follows: 

5k,T = JCT . (2.5) 

The covariant derivatives satisfy the (anti) commutation relations 

[Da, Vb] = Tab^Vc + ^RAB^'^Mcd , (2.6) 

with Tab'" the torsion and Rab'^'^ the Lorentz curvature. Similar to the connection, the 
Lorentz curvature can be realized in three different forms as tensors carrying two vector 
indices {Rab'^'^), one vector index {Rab^) and two spinor indices {Rab'^'^)- These are 
related to each other by the rules: Rab'^ = \£^'^^RABde and Rab^'^ = {icV^ Rab'^ ■ 
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To describe conformal supergravity, the covariant derivatives have to obey certain 
constraints such that the complete algebra of covariant derivatives, compatible with all 
the Bianchi identities, is 



(2.7a) 



^abc 



2i 



/2i 



(2.7c) 



Here the scalar S is real and the spinor Cap-y = C^aP'y) is real and completely symmetric 
and := V^Va- The dimension-2 Bianchi identities imply that 



(2.8) 



and hence 



4i 



/37 



(2.9) 



The algebra of covariant derivatives is invariant under arbitrary super- Weyl transfor- 
mations O [HI [18] of the form 



(2.10a) 
(2.10b) 



with the parametr a being a real unconstrained superfield, provided the torsion superfields 
transform as 



S^S = aS- -PV 
3 „ 1 



/97 



-aC. 



The super- Weyl invariance is compulsory for the above geometry to describe the multiplet 
of A/" = 1 conformal supergravity. This local symmetry will play a crucial role in the 
present paper. 

We introduce the vielbein and connection one-forms defined by 



(2.11a) 

(2.11b) 



(2.12a) 
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(2.12b) 



where the supermatrix Em"^ is the inverse of Ea'^ , 

The connection one-form is associated with the Lorentz group, 











2^ ''a 














(2.13) 



(2.14) 



The superspace geometry of A/" = 1 conformal supergravity can be recast in terms of 
superforms which will be a crucial ingredient of our construction. The torsion and the 
curvature two-forms are 

1 

2" 



T 



c 



-E^ AE^T 



AB = -dE^ + A r^B^ , 



(2.15a) 



Rc^ := -E^ A E^Rabc^ = d^c^ - ^c^ A . (2.15b) 



Here we have explicitly indicated the operation of wedge product (A) of superforms. 
However, in the remainder of the paper it will be assumed and not be given explicitly. 
Given a p-form Fp := ^dz^'^p ■ ■ ■ dz^^^FM^-Mp its exterior derivative can be written in two 
different forms: 



dF, 



^ _ d^A^p . . . dz^^M^^9^FM,..M, 



1 



E^p---E^^E^\VbFa,...Ap 



TbAi^ FcA2--A 



(2.16a) 
(2.16b) 



For the subsequent analysis we will need the super- Weyl transformations of the vielbein 
and the connection one-forms. They are 

1 



:^aE^--{^,r^{V,a)E\ 
-aE" , 



and 



(2.17a) 
(2.17b) 

(2.18) 



To construct a locally supersymmetric action principle, we need a real scalar La- 
grangian C, of mass dimension +2, with the super- Weyl transformation law [10\ 



5X = 2aC . 



(2.19) 
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The action is 

^ = i^ dW^E£ , E-^ = BeiiEA^) ■ (2.20) 

The action is super- Weyl invariant, since the super- Weyl transformation of E proves to be 
6aE = —2aE. Instead of defining the action principle using the superspace integration, it 
suffices to construct a three- form which is constructed in terms of C and possesses 
the following properties: (i) is closed, dH(£) = 0; (ii) is super- Weyl invariant, 
= 0; (iii) is dimensionless. In fact, the conditions (ii) and (iii) prove to 

completely determine (modulo an overall factor) the explicit form of H(£) to be 

S(£) = '-E^E^E^{ja)p,C + ^E^E'E''eabc{l%'l^sC 

-^E'^E'E'^eabciiV' + 8S)C . (2.21) 

It is a simple exercise to check that this form is closed, dS(£) = 0. This three-form 
coincides with that originally constructed in |20j by directly solving the cohomological 
problem d S = 0. 

3 Traditional approach to conformal supergravity and 
topological massive supergravity 



With the matrix notation = i^A/s'^), the action is 



+16i / d:^xd^9ES 



(3.1) 



The tensor in the braces in the first line of (3.1) is divergenceless with respect to its first 
index, 







(3.2) 



Modulo an overall coefficient, the structures in the first and second lines of (3.1) are 



uniquely fixed by the condition of invariance under the local Lorentz transformations 



Dn be 



(3.3) 
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The last term in (3.1) is uniquely fixed by requiring invariance under the super- Weyl 
transformations 



(3.4a) 
(3.4b) 



The topological mass term appearing in the first two lines of (3.1) was given in Super- 



space [6], eq. (2.6.47). However, since 3D A/" = 1 super- Weyl invariance was not discussed 



in [6], the complete action (3.1) was not presented in this book. Instead the requirement 
of super- Weyl invariance was put forward by Zupnik and Pak [71,18], who derived an action 



of the form (3.1). However, their completely symmetric torsion C^p^ was chosen to obey 
the constraint V^Ca^-y = which holds only in a special super- Weyl gauge such that 



T^apS = 0, due to the Bianchi identity (2.9). So the actual status of the action presented 
in [TJ |8] is not quite clear to us. 



Varying the conformal supergravity action (|3.l|) with respect to a supergravity prepo- 

(3.5) 



tential f6] leads to the Af = 1 supersymmetric Cotton tensoi|^ 



It is an instructive exercise to prove that the super- Weyl transformation of Waji-y is 

5 

^aWap^ = -CTWa0^ ■ (3.6) 

The equation of motion for conformal supergravity is 

= . (3.7) 

At the same time, this equation is the necessary and sufficient condition for the superspace 
to be conformally flat. 

The action for three-dimensional A/" = 1 Poincare supergravity is 

A 



5psG = -i / d'xd'eE^'-V'^ipV^if - 2V + j^^} 



(3. 



with A a cosmological constant. This action is super- Weyl invariant provided ip transforms 
by the rule 



(3.9) 



^This expression may be compared with the Af — 2 supersymmetric Cotton tensor 
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The scalar field which is chosen to be nowhere vanishing, plays the role of the conformal 
compensator. The super- Weyl invariance can be used to impose the gauge ip = 1. 



The equations of motion corresponding to the action (3.8) are 

{iV^ + 4:S)ip - \ip^ = . 



(3.10a) 
(3.10b) 



Eq. (3.10a ) is obtained by varying the action with respect to the supergravity prepotential. 
The left-hand side of (3.10a) is proportional to the supercurrent for the scalar superfield 
(p described by the action (3.8). It is an instructive exercise to show that both equations 
(3.10a) and (3.10b) are super- Weyl invariant. 

To describe topological massive supergravity, we have to consider a linear combination 
of the two actions (3.1) and (3.8). Then the conformal supergravity equation (3.7) turns 
into 



with m a parameter of unit mass dimension. 







(3.11) 



If we choose the super- Weyl gauge Lp = 1 and linearize eq. (3.11) around Minkowski 
superspace, we end up with 



m]C, 



a/37 







0/37 







(3.12) 



with = D'^Da and Da the spinor derivatives in Minkowski superspace. 



4 Main construction 

In this section we describe the key points of our method as applied to A/" = 1 conformal 
supergravity. 

4.1 One-parameter family of covariant derivatives 

Of special importance for our analysis is the observation that the geometry of confor- 
mal supergravity, which was reviewed in section 2, can be described by a one-parameter 
family of covariant derivatives Va, 

VA = EA + nA VA = EA + ftA, (4.1) 
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defined as follows 



V„ = P„ , Va = Va + 2\SMa , (4.2a) 
with A a real parameter. Only the vector connection becomes deformed, 



(4.2b) 



We will use boldface notation for the torsion and curvature tensors associated with 
the deformed covariant derivatives Va, 
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The algebra of the deformed covariant derivatives is as follows: 
{V„, V/3} = 2iVap - 4i(l + A)5(7')a/3-Mc , 



[Va,V;3] 



[Va, Vfe 



A)5(7a) 



^ahc 

^abc 



2i 



3 



(4.3) 



(4.4a) 



(4.4b) 



^(7^)./3C-^^V,-^(7'=)^^(V,5)' 
2i 



(4.4c) 



The covariant derivatives Va, which were introduced in section 2, correspond to the choice 
A = 0. On the other hand, the choice A = — 1 corresponds to the covariant derivatives 
employed in the book [6]. 

The spinor covariant derivative Vq, and the torsion tensors S and are obviously 
A-independent, and their super- Weyl transformations do not change. The super- Weyl 
transformation of the deformed vector derivatives Va is 

Ai 



(VV)A^, 



(4.5) 



From here we read off the super- Weyl transformation of the deformed connection one- 
form: 



6„n^ = - (YUiVf'a)] + - e.,^(VV) + ^^^(VV)} . 



(4.6) 



This turns into (2.18) for A = 0. 
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4.2 Curvature squared four- form 

We are interested in the A-dependent four-form 

:= R'^Ra = IRa'^Rb^ (4.7) 
5 

which is closed for any value of A, 

dR^^O . (4.8) 

The curvature two-form R'^ — }^E^E'^Rab'^ has the following components: 

- 4i(l + A)5(7<^)a^ , (4.9a) 
i?a/ = {la)p'{l''Y''C^8p + ^(2(1 + 3A)(V^5)5f - AeJ{^')^,{V'^S)) , (4.9b) 

Rab" = ea,c[- '^{YrHlY^iaC^^s) ' (|(V'5) + 4(1 - A^)5^)r;'='^ 

+ 2A£""'^(Ve<S)l . (4.9c) 

In terms of the curvature two-form, the form R^ reads 

r?2 rje Tj ^ rrD rrC rrB rpA rj e rj 

I7'<5 1717 T7I/3 771a r? e TJ I TTiS 7717 p/3 iTia r? e tj 

I 77"^ 777 Z?'' Z7"* I? ^ I? Z7"5 1717 ZJife 171a TJ e ij 

+ --t^ £/'£/-£!/ JXab Jrt^Se — rL rL ' rL rL lia^ ±if,Se 

+E^E''E'E^Rab'RcSe ■ (4.10) 
Using this representation and also defining the components of R^ as 

Ij2 1 rpD rpC rpB rpAf rf2\ 

It — —hi hi h, h, {It )abcd 

= ^E'E'^E^E^iRX^.s + Ie'E^E^E%R\^,s + \e' E^ E' E\R\^s 

+lE^E''E'E''{R\hc5 , (4.11) 

direct calculations give 

{R^)a^^s = , (4.12a) 
{R\f}^s = -48i(l + A)5(7a)(/C^5)p - 16i(l + A)(l - 3\)SiVipS){^aU) , (4.12b) 



32A 



pr 



/2i 



8(1 + X)S[{^r^{V^,Cs,r)) + Kl%s['f{V'S) + 4(1 - A^)^^ 



ibcS 



4iC^^-V(5C^p.) - 8(1 + 3A) -(V^5) + 2(l-A^)5^ (V^^) 



- A\{^y^{ydS)Cspr + ^(7')5p(V''5)(V,5)} 



32A 



(4.12c) 



(4.12d) 



4.3 Torsion- induced three-form 



We are looking for a three-form St 
equation 



^.E^E^E^Habc such that (i) it obeys the 



(4.13) 



and (ii) its components are constructed in terms of the torsion and its covariant derivatives. 
This equation is equivalent to 



AVlA^BCD) — ^TyAB^'^\E\CD) — {R^)aBCD 



(4.14) 



Under the additional conditions S 



-'a/37 



0, it turns out that eq. (4.14) allows us 
to completely determine all the components of 'Sabc in terms of {R^)abcd- This relies 
on the fact that Tq^"^ = 21(7^^)0^. The presence of this dimensionless torsion allows us 



to iteratively use (4.14) to express "Sabc in terms of derivatives of lower mass dimension 



components and {R^)abcd- This is a superform analogue of the Dragon theorem [21] (see 
also ^22j) and is a crucial ingredient in iteratively solving superspace Bianchi identities. 



In particular, by using (|4.14|), it is not difficult to prove that 



40 



^abc 



■'abc 



R?)ef-i5 



{l%\Yr{R\5pr + 2e'"''{^dY'iR')e,Sp 
^2V(^Se/5) 

Using the explicit form for {R?)abcd gives 

St = \K'E'E'^eabc{ - 4(1 + XWY'^C.spS - ^ ^^^^ ' sS)s] 



(4.15a) 
(4.15b) 



+ -E'E'E''eabc{ 2iC"^^C«;37 + ^(1 - 6A - ?,\^){V^ S)V 

+ 4i(l + A)(l - \){y^S)S + 16(1 + A)(l - A^)^^} . (4.16) 



10 



One can explicitly check that this three-form satisfies (4.13) or equivalently (4.14). The 
crucial feature of St is that it is constructed only in terms of the torsion tensor. 

There is a natural freedom in the choice of St described by 

St ^ St = St + AH(52) , (4.17) 



where A is a real parameter, and H(£) denotes the closed three-form (2.21). The specific 
feature of the three- form St with A 7^ is that "Sa^-y 7^ 0. 

We need to work out how St behaves under the super- Weyl transformations. For this 
it is necessary to use the transformation rules for the supervielbein (2.17a)-(2.17b) and 
the torsion superfields (2.11a)-( 2.11b[ ) along with the following equations 

V^VV = -2iVa/3V^a + 2i(l + 3A)5Vq(7 = -2iV^Va/3t^ + SiSVaCr , (4.18a) 
V^VV = -AV'Vaa + 8i(V°5)Va(T + 8i5VV . (4.18b) 

After some involved algebra, we end up with the super- Weyl variation of St: 
5.St = ^E^E'E''eabc{ - 4(1 + - 3\){j%'S^'^s(r + (1 + XXYY'C^Sp'^^a 

+ ^^^^^4^^^(7^)/(V,5) W - 4(1 + A)(l - A)5V^V,a 



4A(1 + A)£^'^^(7d)/5VeV5(T} 



4i(i-6A-3A2)^ , 



+ (1 + A)(l - A) ( - 12Ai5W + (V25)VV - ASVVaa 
+ 12(1 + A)(l - 2A - A^)i5(V"5)Vaa| . (4.19) 
This variation is non-zero for any value of A. 



4.4 Chern-Simons three-form 



We have just constructed the torsion-induced three-form St which solves the equation 



(|4.13|). The same equation has another natural solution given by a Lorentz Chern-Simons 

(4.20) 



three-form defined by 
Indeed, using the structure equation 



O 



1 



dRA"" 



Ra^^c^ 



^A^Rc^ 



(4.21) 
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it is easy to check that 



dScs = 



(4.22) 



There are two main differences between the three-forms St and Sc5. First of all, the com- 
ponents of St are tensors constructed in terms of the torsion and its covariant derivatives, 
while the components of the Chern-Simons three-form Scs involve the naked connection. 
Secondly, the three-form St is invariant under the local Lorentz transformations, while 
Scs changes by an exact term. 

The explicit form of Scs is as follows: 

Scs = ^S^S^S"{l2i(l + A)(7")a^512^a-£a6cV^^/^^/} 

1e^E^E^[ [2{ja)^''{lTCaS, + ^((1 + 3A)(V;35)5^ + 2e,,^{j')^-{VaS) 
-E^E'E^ea,c{ [ - '^{iT^lT'^laC^Sp) - r7^'(|(V25) + 4(1 - A^)^^) 



+- 



+: 



'yd 



+ 



^cdf 



2(1 + 3A) 



cde 



477^[^(7'^)^"(V„«S) 

'^eie2e3^^di ^^d2 * *7 J 

+^E'^E'E'^ea,c{ [ - '^h'r^ir'^iaC^.s) - rf' (|(V'<S) + 4(1 - A^)^^) 



+ 



- 2Ae'^"^(V/5) 



(4.23) 



We conclude this subsection by giving the expression for the super- Weyl transforma- 
tion of Scs- In computing its variation, we can ignore all contributions that are exact 
three-forms. This considerably simplifies the calculation if we make use of the identity 

5^Scs = 2(5^0'•)i^„ + exact three-form . (4.24) 

The result of the calculation is 

(5,Scs = \e^ePE'^[ - 4£„,,(7'');37(7^)pag""'V^a + ^ eabc{l')M{iy''{y aS)V ,<J 

12 



+ 



- 4(1 - A)(7a)/37(V"5)V«a - 4A(1 + A)(7a)/,^5VV 
+ 8i(l + A)£,,,(7')/3-,5 VV} 

^E^'E'E''Eabc{ - 2i(7^)°^(V(„C;,^5)) VV + Ai(7'=)'^C^5pVV 

+ 2(7.),.(7'=).pC"'^V'^a - (7^)/[|(V^5) + 8(1 - A^)^^ 

- 4A£^'^'=(7d)/(Ve5)Vpa - ^(7')^„(V°5)VV 

+ ^(1 + 3A)(V,5) VV - ^£'='^'^(7.),„(V"5)Vea} 

+ ^E'^E''E'^£„b,|8A(Ve5)VV + 2A(V25)VV - 12iA(l + A)(l - X)S^V^a^ 



+exact three-form . 



(4.25) 



4.5 Closed three-forms 

An immediate corollary of the results obtained so far is that the three-form defined by 

S := St - Scs (4.26) 

is closed, 

dS = . (4.27) 



Now one can see the advantage of using the deformed covariant derivatives Va, eq. (4.2a) 



which depend on the parameter A. The crucial observation is that the three- form S is 
closed for any value of A, and so are its partial derivatives with respect to A. Because S 
is polynomial in A, by differentiating S with respect to A we generate a finite number of 
new closed three-forms. In particular, the explicit form of S is 



Ie^e^e^^ - i2i(i + \){^-)^pSn,, + £„,eri„"n/ri/} 



+ -E^E'^E'' 
2 



1 



L 3^a.^(?)/3«(V"5) - ^^^^(V,5)5^ - 2(7.),"(7^)^^C«,p" 



■yc 



- 4i(i + x){Y)p,sn,, + Ebcd^a'np^n^^^ 



+ -E^E'E''eabc[ - 4(1 + X){j''YPC^spS 



K1 + A)(1-3A) 



+ 



'-{jr'bY'^iaC,,s) + (|(v^5) + 4(1 - x')s')n 



■ye 
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+ 



2(1 + 3A) 



cdf 



df 



4i(l - 6A - 



-(V^5)(V,5) 



+ 4i(l + A)(l - X)(y^S)S + 16(1 + A)(l - A^)^^ 

'-{Yr^{^fy'V^^C,,s) + (|(V^5) + 4(1 - X')S')r^ 



+ 



df 



df 



- ^e'^'''''edMn,^'''n,/m,/^] . (4.28) 
In computing partial derivatives of S with respect to A, one has to use the identities 

9a V, = 2SMa . (4.29) 



Direct calculations give 



+^E^E^E-{8iil + X)i^a)tsyS^ - ^{'^pS)n^a - Ai{Y)p^Snac - 2£,,,5n/f2^'^} 
+^E^E'E'^eatc{ - 2{^'y^C,spS + ^^^'^ sS)S + 2e^'f {V ,S)n,f 

+l^-^fe^»e„,e{ - 8i(l + X){y^S){y^S) - 4i(l + 2A)(V'5)5 



-8(1 + A)(1 + 3A)53 

- 2S^/n/^ 



8XSY^ - 2e'^'f{\/eS) 



df 



(4.30) 



as well as 



S^S _ 1 
'dX^ ~ 2 



E^E^E'^|i(7a)/3,(1652)} + ^E^E'E^eabc{l{l%'Vs{lQS' 
+ ^E'^E'E'^Eabc{ - \{iV' + 8S)ilQS^)] 



(4.31) 



with the closed three-form H(£) defined by (2.21). Since the three-form ( 4.31^ is A- 
independent, we conclude that 



dX^ 



. 



(4.32) 
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Thus we have constructed the closed three-forms (4.28), (4.30) and (4.31). 



The super- Weyl variations of S and its first and second derivatives with respect to A 



can be computed by representing 5o-S = (5o-St — (^o-Scs) aiid then making use of (4.19) 



and ( |4.25D . It holds that 

= ^E^E^E'^|4£„bc(7')''^(7'^)p«C'^"'V5a + 4(l-A)(7a)/3^(V"5)V„a 

- ^^^^^ea.c(7'')/3,(7'=)''"(V.5)V,a + 4(A + A2)(7j^,5VV 



+ 8i(l + A)£,,,(7^)/j^5VV} 

- 1(ci''\M)spC''''^ + 4(1 + A + 3A2 + 'iX'-)^^^' S'^V ,a 
+ 4A£^'^^(7d)/(Ve<S) Vpd + |(7^)/(V25) Vpa 

+ ^^^^"^3 ~^^'^ (7V(V.^)VV - 4(1 - A^)5V^V,a 

- 4(A + X^Y^^ld^'SV.V.a - ^(1 + 3A)(V^5) VV 

+ ^£^"'=(7d)7a(V"5)Vea} 

_ 2i(7'^),pC"''^VdV.a + 12i(l - A - 3A2 - A3)5(V"5)V„a 
+ (1 - 2A - A2)(V^5)VV - 4(1 - A2)5V"Ve(T 

- 8A(V^cS)Vea - ^^^^"^3 ~^^'^ (7-^r^(V,5)V.V,a} 
+exact three-form , (4.33) 



and 

as 1 



(^.^ = -i^^i^^i^'^l -4(7j^^(V"5)V«a-4£,bc(7'')/37(7')"°(V„5)V,a 

+ 4(1 + 2A)(7a)/37'5VV + 8i£,6e(7^);3^5VV} 

+1^7^6^a^^^^|8(l + 2A + 3A2)(7=)/52V5a + ^e'"'\^^WV ,S)V 

- 4(1 + A)i(7'=)-^^(V55)VV + 8A5V"V^(T - 8(V^5) VV 
-4(l + 2A)£^^^(7rf)/5VeV5a} 

- 8i(2 + 6A + 3A2)5(V"5)V«a - 2(1 + A)(V25)VV 

6 I 

- 8(V"5)Vea + 8i(l + A)(7'^)^'^(V^5)VdV5(T + 8A5V"Vecr} 
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+exact three-form , 



(4.34) 



and finally 



+ lE^E^E''eabJ - 24i(l + A)5(V"5)V«a - 2(V^5)VV 

D I 



-|-exact three-form 



(4.35) 



It is seen that each of the closed three-forms constructed varies non-trivially under the 
super- Weyl transformations. However, the crucial point is that, for any value of A, there 
exists a linear combination of these three-forms which is super-Weyl invariant modulo an 
exact three-form. One may check that the three-form 



1-S (1 I A)^^ I (3 + 2A + A^) a^S 



possesses the following properties: 



d5 = , 

ScrZ = exact three-form 



dX 







(4.36) 



(4.37a) 
(4.37b) 
(4.37c) 



To prove (4.37b) we can proceed in two steps. First, we check that the super-Weyl 



variation of Zapy can be represented as 

5<xX/37 = 8(7a),37V°(5VaCr) + eabc{l^)^^V' 



(4.38) 



where is a vector that can easily be computed using the relations (4.33)-(4.36). Next 



making use of eqs. (B.3)-(B.4) and ignoring exact terms, we observe that S^Z is an exact 
three-form. 



Let us write down the final expression for Z 

Z = ^E^E^'E'^^Eabcft^^ft^'n^''} 
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+^E'^E'E''ea,,[ - 2(1 + \){Yy'Cf,^sS + ^^^^p^(7^)/(V^5)5 



+ 
+ 



^cde 



= (7e),"(70'^C'a5p - ;t(V^5)£^'^^ + -r/^[^(7'l ( V«5) 
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df 



8i 



+ -E'=E^E"£„,,|2iC"'^-C^,. - ^{V^S){V^S) - 4i(l - A)(V^5)cS 



- 8(3 - 3A - SA^ - A^)^^ 

+ [^iYr^il^r'^(aC0,s) + (|(V'5) + 4(1 + XfS^yf + 2e''^f{V,S) 



(4.39) 



Since the three-form ^ is A-independent, any convenient value of A may be used in 
order to compute 5- Setting A = gives 

+i£;^£;^£;«|i6i(7„)^^5' + 2£„,d5Q^^Q/ + £bcd^^„^Q^^Q/ 

+ [ leaa7')pa{V^S) + l{VpS)6l - 2(7„)^"(7^)'^C^a5p] ^^,c} 

1 r 32 

+-E^E'E''eabc{ - 2{YY''C^SpS + -{Y),\VsS)S 



+ 
+ 



1 

6' 



+ZE'^E'E''eabc{2iC^^Capr - |(P^<S)(P-,5) - AiiV^S)S - 2AS' 



+ 2sn/ne''^ - ^s^^^^^'s,,a,ds^,,''^e/'^rie,/^^ } . (4.40) 
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4.6 The action principle for conformal supergravity 



The three-form ^ is our main resuh. Associated with ^ is the action for Af = 1 
conformal supergravity defined via the integration of Z over spacetime Ai^: 

ScsG = [ Z= U^x CZ) , *Z = ^.e^'^^Zmnr, . (4.41) 
JMz J -J- 

The action is automatically invariant under the local Lorentz and super- Weyl transfor- 
mations, since the corresponding variations of the three-form Z have been shown to be 
exact. It remains to show that Scsg is invariant under general coordinate transformations 



of the curved superspace generated by the vector field Ec in (2.4). It suffices to repeat 
the four-dimensional proof due to Easier [12] (see also [H]) 

5s^Z = C^Z = ^^'^Z + ^i^Z = ^HZ , (4.42) 

where denotes the interior product and the Lie derivative. Since the variation 5^^ 
is an exact three-form, the action S'csg is indeed invariant under superdiffeomorphisms 
provided M.^, has no boundary. 



5 Component action 



In this section we reduce the action (4.41) to the component fields, choosing a spe- 



cial Wess-Zumino gauge, and demonstrate that it coincides with the well-known action 
for M = 1 conformal supergravity [3]. To start with, we elaborate on the component 
reduction. 

5.1 Components reduction 

Given a superfield U{z) we define its bar-projection U\ to be the 6'-independent term 
in the expansion of U (x, 9) in powers of ^'s, 

U\ ■.= U{x,e)\e=o . (5.1) 
In a similar way we define the bar-projection of the covariant derivatives: 

VA\:=EA^\dM + \^A'"'\M,c. (5.2) 
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The supergravity gauge freedom may be used to algebraically gauge away a number of 
component fields contained in T>a except those which constitute the Weyl multiplet of con- 
formal supergravity. The supergravity gauge group is spanned by the general coordinate, 
local Lorentz and super- Weyl transformations. 

The freedom to perform general coordinate and local SL(2,R) transformations can be 
used to choose a Wess-Zumino gauge of the form 

Val^Sa^-^ ^ nJ'^l^O, (5.3a) 

P„|=D„ + *J(x)P^| , (5.3b) 

where denotes a space-time covariant derivative 

Da = Ca + , ea = ea"'{x)dm , UJa = ^<^a^^{x)Mbc ■ (5.4) 

Here the component inverse vielbein ea^{x) and the component vielbein Cm'^lx) are defined 
as 

m m\ e E (5 5) 
They are related to each other in the standard way 

ea'^ej = Si , err^V = C ■ (5-6) 
The component Lorentz connection is defined as 

coa'' := . (5.7) 
Finally, the gravitino is defined by the rule: 

:= EJI , e^"^J := . (5.8) 

The space-time covariant derivatives Da obey the commutation relations 

[D„, Dft] = Tab'B, + ^TZab'^Mcd , (5.9) 

with Tab"^ the torsion and TZab'^'^ the curvature. Their explicit expressions are 

Tab' = Cab'' + 2u[abf , (5.10a) 
TZab"" = 2eiaUJbf'' + 2ujiab/ujf''' + 2a;[/^a;,]/ - Tab^cof'^'' , (5.10b) 
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where Cab'^ stands for the anholonomy coefficients, 



[^a; Call 



c, 



ab 



(5.11) 



The connection is uniquely determined as a function of the vielbein and torsion, Ua 
^a^'^i^iT). Its exphcit form is 



cd 



^abc 



(Tabc Cabc) (Tbca C^ca) ~l~ {Tcab ^cab) 



(5.12) 



So far we have partially fixed the general coordinate and local Lorentz symmetries. 
We still have the complete super- Weyl gauge freedom at our disposal. Let us recall the 
super- Weyl transformation of the torsion superfield 5, eq. (2.11a). It follows from (2.11a) 
that we are in a position to choose the gauge 



51 = . 



(5.13) 



The conditions (5.3) and (5.13) constitute the complete Wess-Zumino guage. In this 
gauge, the only independent component fields are the vielbein and the gravitino, and 
they comprise the Weyl multiplet of A/" = 1 conformal supergravity. The gauge condi- 
tion (5.3) does not fix completely the general coordinate and local Lorentz symmetries of 
the curved superspace. The residual gauge transformations, which preserve the condition 
(5.3), are spanned by (i) the general coordinate transformations in space-time; (ii) the 
local Lorentz transformations in space-time; and (iii) the Q-supersymmetry transforma- 
tions. The gauge condition (5.13) only partially fixes the super- Weyl gauge freedom. The 
residual super- Weyl transformations, which preserve (5.13), are (iv) the space-time Weyl 
transformations; and (v) the S-supersymmetry transformations. 

To complete the component reduction, we express the gravitino field strength and the 
component torsion and curvature in terms of the superfield torsion: 



Tab' = -2i(7^)^,^ J^,^ 



^abcT) d 



lilcUC^'"-^ + |(7c)^"(2^a5) + '-eJ^V^/ 



"be 



4 



cd 



(5.14a) 
(5.14b) 



+ ^a6c^^7(^2(7,)/(7'^)-^C5,;3 + -(5:;5,^ + 2£,/(7'^)/)^^55jJ . (5.14c) 

Here we have denoted T^ab'^ = ^^'^efT^ab'^ ■ Since the torsion is a quadratic polynomial of 
the gravitino, eq. (5.14a), the Lorentz connection is determined in terms of the vielbein 
and gravitino, Ua'^'^ = Wa^'^(e, ^1'). 
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5.2 The action for conformal supergravity in Wess-Zumino gauge 



Our superspace action for A/" = 1 conformal supergravity, eq. (4.41), is constructed 
in terms of the closed three-form ^ given by (4.40). We now express it in terms of the 
components fields. The action can equivalently be rewritten in the following form 

1 



CSG 



6 



d xee 



abc 



(5.15) 



where e = det(em'^) and the gravitino ^a"' is defined according to (5.8). To compute 
the integrand, we have to make use of the explicit expressions for the components of the 
three-form eq. (4.40). In the Wess-Zumino gauge defined by eqs. (5.3a) and (5.13), 
the result is 



^csG = y d^x e I - 2iC-^^C„^^ + |(P°5)P,5 + ^e'^^'^^'^e,^ 



, , bi b2, , bs 
b2b3<^ai ^a2 



+ ^ 



2 

3(-.-,- . g- 
2i,,. 



^bc 

(5.16) 



It only remains to make use of the relations (5.14b) and (5.14c) to arrive at the final 
expression for the action: 



CSG 



9/ , h, , f 



-8i(D,M/e" - ^r6.^'V&/)(7d)/(7a)A''^(De*/7 - ^'^'e/'^w) } 



(5.17) 



Up to an overall factor of 1/4, this is the well-known action for M = 1 conformal super- 
gravity ig. 



6 Outlook 

In this paper we have presented the new superfield method to construct the action for 
three-dimensional M = 1 conformal supergravity, and thus for A/" = 1 topological massive 
supergravity. The power of this method is that it may naturally be generalized to the 
case of AA-extended conformal supergravity. Here we only sketch such a generalization, 
leaving details for a future publication. 

Let Va = {Va,Vi) be the superspace covariant derivatives, with 7 = 1,... , A/", which 
describe the off-shell A^-extended Weyl supermultiplet [21 [ID] • Following the conventions 
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of [in], we consider a two-parameter deformation of the vector covariant derivative 

Vo^p ^ V„/3 = Vo^p + XSM^p + pCo^p'^'-Mkl , (6.1) 

where A and p are real parameters, and S and Cap^^ are certain dimension-one torsion 
tensors. The deformed covariant derivatives V a = (Va, V^) := (Va,^^^) obey the algebra 

[Va, Vb} = Tab'^Vc + \RAB"'M,d + \Rab''''Mkl , (6.2) 

with T AB^ the torsion, Rab'^'^ the Lorentz curvature and Rab^^ the SO (A/") curvature. 
As a next stage, we have to consider the equation 

dS = ]^R'''Rab + '^R^Rij , (6.3) 

with K a real parameter, and look for two solutions St and Scs. Here St is a three-form 
constructed in terms of the torsion and curvature tensors and their covariant derivatives, 
while Scs is a standard Chern-Simons three-form. Now, the three-form S := St — Scs 
has the following properties (i) S is closed; and (ii) S is a polynomial in two variables 
A and p. By differentiating S with respect to A and p, we will generate a number of 
closed three-forms. Finally, we have to look for a linear combinations Z of these closed 
three-forms, which is super- Weyl invariant modulo exact contributions. The parameter k 
is expected to be fixed be fixed by this requirement. It is also expected that ^ is indepen- 
dent of A and p, due to its uniqueness. The closed three-form ^ generates the action for 
A/'-extended conformal supergravity. 
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A Supersymmetric action 

For completeness of our presentation, in this appendix we review the structure of the 



locally supersymmetric action [20j associated with the closed three-form (2.21). This 
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action is defined, in complete analogy with (4.41), by integrating the three-form S over 
the space-time, 

1 



SiC) 



Ma 



(A.l) 



in accordance with the superform approach to construct supersymmetric invariants [12], 
[131 mj. Ill the Wess-Zumino gauge (5.3a), the action can readily be brought to the form 



S{C) 



6 



abc 



• — abc 



;/37 



(A.2a) 



or equivalently 

S{C) : 



lp2 ^ 25 - -i^y'^^^Vs - '-e^'''^/^b\'yc)p^] C . (A.2b) 



The locally supersymmetric action (A.2a) was derived in [20]. Our consideration in section 



2| shows that this action is super- Weyl invariant. The component action (A. 2b) was first 
derived in [TSl. 



B Exact three-forms 



Given a two- form F2 = ^E^E^Fab, its exterior derivative is 



dF2 = ^E^E^E^^^VaF 



TD 171 
AB -r DC 



(B.l) 



Making use of the explicit expression for the torsion associated with the covariant deriva- 
tives Va, we obtain 

dF2 = ^E^E^E'^{3VaF0^ - 6i{Y)cfsFd-y] 

+ ^E^E^E^{^VaFp, - 2VpFa, - 2(1 - A)(7a)(/i^7)55 - 21(7 

\ir\^c.S)-\{i^)^pC-f'']F,s] 



,F,, - -e'^^'V^Fae - 4AF%5 + (1 - X)e''''\^aWF,sS 



2i 



2i 



+ -E'^E''E-eabc{ - 2^''^V,Fe/ + [-{iXpC''^' - |(7')°'(V«5) 



fB.2) 



The relation (B.2) provides us with a rule for "integration by parts" within the super- 



form approach to construct supersymmetric actions in three dimensions. Such an action 
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is associated with a closed three-form which play the role of the Lagrangian. The action 
does not changes if the Lagrangian is shifted by an exact three-form provided we are al- 
lowed to ignore boundary terms (in other words, all Lagrangians in the same cohomology 
class define the same action). In carrying out the explicit calculations for this paper, we 
have found extremely useful the following two special cases of the rule for "integration by 



parts" (B.2) 



Firstly, given an antisymmetric tensor Fab, which is equivalent to the vector 



^e^^^Fb^, it follows from (|B.2|) that 



^E^E''E''eabc{'^V,F''] + ^E'E'E'^s 
+exact three-form . 



abc^ dF'^ 



(B.3) 



Secondly, suppose that Fap = {'Ja) p-yV"' , for some spinor V^. Then it follows from 



(B.2) and (B.3) that 



E^E'^E"|(7„);3^V"V«} = ^E^E'E''Eabc{ - la + A)(7^)/V,5 - ^(7^)/W, 

+ ^^^'^(7.)7"VeV„ - ^V^V,} 
+^E'^E'E''eabc{2i{V''S)V^ - '-{ly^VdV^Vr} 



-|-exact three-form . 



(B.4) 
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